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brief introduction to thin-shell wormholes

A. C. Li, W. L. Xu and D. F. Zeng JCAP 1903 (2019) 016
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brief introduction to thin-shell wormholes

dynamic thin-shell wormholes constructed by cutting-and-pasting two building-spacetime
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brief introduction to thin-shell wormholes

The motion of thin-shell in the static bulk:

ds2bulk = gMNdxMdxN = −A(r)dT2 + B(r)dr2 + R2(r)dΩ2
n−2,k

Bulk T r ~Xn−2

thin shell t × ~xn−2

embedding T (t) r(t) ~x2 = ~Xn−2

Table: Coordinates parameterizing the whole bulk spacetime and the thin shell in
it.The induced metric for moving thin shell is obtained according to

hµν = eAµ eBµ gAB, where eMµ =
∂XM

∂xµ

ds2shell = hµνdx
µdxν = −dt2 + R2[r(t)]dΩ2

n−2

Exact FLRW-metric!
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brief introduction to thin-shell wormholes

For simplification, n=4, k=1

ds2bulk = −f(r)dT2 + f(r)−1dr2 + r2dΩ2
2

f(r) =

{

1 − 2m
r

± r2

ℓ2
(AdS/dS)

1 − 2mr2

r3+2ml2
(Hayward)

Setting the energy-momentum tensor in the ∂Σ as simple ideal fluid types,

τµ
ν = Diag{−ρ, P, P}

The evolution of thin-shell wormholes could be described by following equations:

Darmois − Israel :

{

dr/r = −dρ/2(ρ+ φ(ρ))

ṙ2 = H(r) , H(r) = ρ2(r)r2/16 − f(r)

Equation of state : P = φ(ρ)
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brief introduction to thin-shell wormholes

Previous perturbation method:
E. Poisson and M. Visser, Phys. Rev. D 52 (1995) 7318

[δṙ(t)]
2

= H[r0 + δr(t)] − H[r0]

=
1

2
H

′′
[r0][δr(t)]

2
+ O[δr(t)

3
]
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H(r0)=H'(r0)=0

Stability =⇒ H′′[r0] < 0
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brief introduction to thin-shell wormholes

Shortage of previous perturbation method:

(i)Only born-static wormholes are stable. Natural?
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(ii)How to judge the stability of ever-evolving wormholes?
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brief introduction to thin-shell wormholes

Shortage of previous perturbation method:

(iii)Quantum mechanically, the inhomogeneous and anisotropy fluctuations are unavoidable.

How to describe these fluctuations around the joining shells?
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Linear stability analysis of evolving thin shell wormholes

Fluctuations around the joining shell with unperturbed bulk:
P. Brax, D. Langlois and M. Rodriguez-Martinez, Phys. Rev. D 67 (2003) 104022
(i)perturbations of geometrical quantities

X
A

(x
µ
) = X̄

A
(x

µ
) + ζ(x)n̄

A











hµν = h̄µν + 2ζK̄µν

nA = n̄A + αn̄A + βµ ∂X̄A

∂xµ

{

α = − 1

2
ζn̄M n̄N n̄C∂C ḡMN

βµ = −h̄µν (∂νζ + ζēB
ν n̄C n̄A∂C ḡAB)

=⇒

δKττ = −ζ̈ + ζ̇ū
B

[n̄
A

∇Ān̄B − n̄
C

n̄
N

∂C ḡBN ] + ζḡ
AL

ū
N

ū
B

∇N̄ n̄L(∇Ān̄B + ∇B̄n̄A)

+ ζū
A

ū
B

[Γ̄
M
ABn̄M n̄

Q
n̄

C
∂C n̄Q − n̄

C
n̄

M
∂An̄B∂C n̄M −

1

2
n̄

N
n̄

C
∂C Γ̄NAB

−
1

2
n̄QΓ̄NABn̄

C
∂C ḡ

NQ
− n̄

N
∂C ḡBN∂An̄

C
+

1

2
n̄

N
∂C ḡAB∂N n̄

C
]

δKτi = −∂i ζ̇ + ∂iζ[
1

2
n̄

A
ū

B
∇Ān̄B −

1

2
n̄

C
ū

B
n̄

N
∂C ḡBN ] +

1

2
ū

B
h̄
kj

∂B ḡki∂jζ

δKij = −∂i∂jζ +
1

2
ζ̇ū

N
∂N ḡij +

1

2
ζ[ḡ

kl
n̄

Q
n̄

N
∂Qḡjl∂N ḡki − n̄

N
n̄

C
n̄

Q
∂N ḡij∂C n̄Q

+ n̄
N

∂C ḡij∂N n̄
C

+ n̄
C

n̄
N

∂C∂N ḡij + n̄
C

n̄Q∂N ḡij∂C ḡ
NQ

]
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Linear stability analysis of evolving thin shell wormholes

Fluctuations around the joining shell with unperturbed bulk:
(ii)perturbed energy momentum tensor

δτ
τ
τ = −δρ

δτ
τ
i = R(1 + ω)ρ∂iv

δτ
i
j = δpδ

i
j + δπ

i
j , δπ

i
j = ∂

i
∂jδπ −

1

2
δ
i
j∂

k
∂kδπ

(iii)consider the perturbed junction condition which relates matters and geometry

δK
µ
ν = −

1

2
(δτ

µ
ν −

1

2
δτδ

µ
ν ) =⇒



























δKτ
τ = 1

2
(
n−3

n−2
δρ + δP )

δKτ
i = − 1

2
R(ρ̄ + P̄ )∂iv

δKi
j =







−
κ2
5

2
(∂i∂jδπ) (i 6= j)

−
κ2
5

2
δρ (i = j with sum)

combine the expression δP , δρ with perturbed equations of state δP = φ′(ρ)δρ

η̈ℓm + b[φ
′
(ρ(r)) , f(r) , ṙ , r]η̇ℓm + c[φ

′
(ρ(r)) , f(r) , ṙ , r , ℓ]ηℓm = 0

where ζ(τ, θ, ϕ) =
∑

ℓm

ηℓm(τ)Yℓm(θ, ϕ)
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Linear stability analysis of evolving thin shell wormholes

AdS spacetime & Phantom like state P = ωρ , ω < 0:
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AdS spacetime & Chaplygin gas state Pρ = σ0ρ , σ0 < 0:
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Linear stability analysis of evolving thin shell wormholes

dS spacetime & Phantom like state P = ωρ , ω < 0:
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dS spacetime & Chaplygin gas state Pρ = σ0ρ , σ0 < 0:

2.0 2.5 3.0 3.5 4.0 4.5
r

0.1

0.2

0.3

0.4

H(r)

l=6,m=1.04
σ0=-0.1
ρ0=6

ρ0=0.01

SdS BH

2 3 4 5
r

-�

-�

-4

-2

2

4

Veff(r)&H''(r)

0 2 4 � � 10
τ

3

4

5

�
r(τ)

rc
5 10 15

τ

-2

-1

1

2

η(τ)

李爱晨 (graduate) () Linear stability analysis of evolving thin shell wormholes April 29, 2019 12 / 14



Linear stability analysis of evolving thin shell wormholes

Hayward spacetime & Phantom like state P = ωρ , ω < 0:
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Hayward spacetime & Chaplygin gas state Pρ = σ0ρ , σ0 < 0:
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Thank you!
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